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We show that attractive spinor Bose-Einstein condensates under the action of spin-orbit coupling (SOC) and Zeeman splitting   form self-sustained 
stable two- and three-dimensional (2D and 3D) states in free space, even when SOC acts in a lower-dimensional form. We find that two-dimensional 
states  are stabilized by one-dimensional (1D) SOC in a broad range of chemical potentials, for  atom numbers ( or norm of the spinor wavefunction) 
exceeding a threshold value, which  strongly depends on the SOC strength and vanishes at a critical point. The zero-threshold point is a boundary 
between single-peaked and striped states, realizing hybrids combining 2D and 1D structural features. In a vicinity of such  point, an asymptotic equa-
tion describing the bifurcation of the solitons from the linear spectrum is derived and investigated analytically. We show that striped 3D solitary 
states are as well stabilized by 2D SOC, albeit in a limited range of chemical potentials and norms. 
 
PhySH Subject Headings: Solitons; Superfluids; Mixtures of atomic 
and/or molecular quantum gases 
 
I. Introduction and model 
 
Unlike one-dimensional (1D ) settings, where stable soliton states 
exist in diverse systems, stability is a major issue for multidimensional 
self-trapped localized states [1,2]. In 2D and 3D settings with the ubiq-
uitous cubic self-attraction, instability of fundamental solitons is driv-
en, respectively, by critical and supercritical collapse [3-5], while vortex 
solutions are subject to azimuthal self-splitting instability [2]. Several 
stabilization mechanisms for multidimensional solitons have been 
elaborated theoretically. In a recent landmark advance, stabilization of 
Bose-Einstein condensates (BECs) against collapse [6,7] by Lee-Huang-
Yang (LHY) quantum corrections to the mean-field interactions [8] has 
been demonstrated experimentally, leading to the creation of funda-
mental (zero-vorticity) solitary states in the form of “quantum drop-
lets” in BECs with dipole-dipole [9-11] and with contact [12-15] interac-
tions. Regarding   “droplets” with embedded vorticity, they are unsta-
ble in the former case [16], while LHY-stabilized 3D [17] and 2D [18,19] 
vortical droplets have been predicted in BECs with contact nonlineari-
ty. 
Another possibility for the creation of stable solitons in atomic 
BECs was predicted in the model of spinor condensates with cubic 
attraction and spin-orbit coupling (SOC) between the two components 
[20-22] (see [23] for a similar result for optical solitons and [24] for the 
stabilization of solitons in BECs by Zeeman lattices). Previously, it was 
assumed that the cubic self-attraction in the 2D geometry always leads 
to critical collapse when the norm of the wave function, U , exceeds a 
critical value, crU , while any input decays at crU U , hence the soli-
ton solution  existing at crU U  is  unstable [3,4]. In Refs. [20-22] it 
was shown that SOC may change   the situation at crU U , creating 
stable 2D solitons, which represent the otherwise missing ground state 
in the system. In 3D, the supercritical collapse (which in the presence of 
SOC was studied in [25]) does not let SOC create the ground state, 
although 3D soliton solutions  stable against small perturbations have 
been predicted [26]. 
In this paper, we explore the possibility to create stable 2D and 3D 
self-trapped states supported by lower-dimensional SOC (1D and 2D, 
respectively). Such settings suggest the existence of new species of 
multidimensional solitons, which strongly differ from the solitons 
supported by the full SOC. Their stability is a particularly challenging 
issue, as reduction of the dimensionality of the support structure 
makes it harder to secure the stability, cf. the study of fundamental and 
vortex 2D and 3D solitons supported, respectively, by the 1D and 2D 
lattice potentials [2,27-29]. The use of lower-dimensional SOC settings 
offers a crucial advantage for the experimental creation of solitons, as 
the majority of experimental realizations of SOC were performed in 
the 1D geometry [30-32], with 2D schemes implemented in a few 
works [33,34], but not yet in 3D. 
The evolution of a spinor BEC in space of dimension D  is mod-
elled by coupled Gross-Pitaevskii equations (GPEs) for a spinor wave-
function T1 2( , )   [1,30-32]: 
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Here ,x y   are SOC strengths associated with the respective spatial 
directions, defined by unit-length vectors [ ] [ ],x yh h ,  , ,x y z     
is the vector of Pauli matrices, and   is the Zeeman splitting (ZS), cf. 
Refs. [22,35,36]. The choice of vectors [ ]xh and [ ]yh determines the 
symmetry type of SOC in the system of interest. The nonlinearity is 
represented by a diagonal 2 2  matrix, 
2 2 2 2
s 1 c 2 s 2 c 1diag( , )g g g g      , admitting a differ-
ence of the cross- c( )g  and self- s( )g  interactions ( s cg g  corre-
sponds to Manakov’s symmetric system [37]). Localized solutions of 
Eq. (1) are characterized by the norm, U    . 
The analysis for 2D and 3D solitons, which are supported, respec-
tively, by the reduced one- and two-dimensional SOC, is presented 
below in Sections II and III. Results of a systematic numerical investi-
gation are combined with analytical findings, which are based on the 
consideration of the spectrum of the linear version of Eq. (1), as well as 
on prediction of the stability of the multidimensional solitons pro-
duced by the well-known Vakhitov-Kolokolov (VK) criterion. In addi-
tion, essential results for 2D solitons are obtained by means of the vari-
ational approximation (VA). Results are summarized in Section IV, 
which also outlines possibility of their experimental implementation. 
 
II. 2D system with 1D spin-orbit coupling 
 
First, we consider the 2D spinor BEC, with 
2 2 2 2
2 / /x y      and 1D SOC defined by 0,y   x  , 
and [ ]x h x  (the unit vector along the -x axis) in Eq. (1) correspond-
ing to the SOC Hamiltonian, soc x xH k  . In this system, SOC may 
be gauged away by a canonical transformation, S  , corre-
sponding to a position-dependent spin rotation exp( )xS i x  , 
resulting in a non-Abelian 1D Zeeman lattice field, in the form of 
( ) ( /2)[ cos(2 ) sin(2 )]z yx x x        [36]. Then, one may expect 
that such a Zeeman lattice stabilizes 2D solitons [28,29]. However, it is 
more relevant to start the analysis with identifying the linear spectrum 
of Eq. (1) for the chemical potential   that can be obtained by substitu-
tion x yik x ik y i te  C , where C  is constant spinor and x,yk  are 
wavenumbers of the respective excitation, into the linearized version 
of Eq. (1). A straightforward calculation yields the spectrum which 
consists of two branches, 
 2 2 2 2 2 1/2x y x( )/2 ( / 4) .k k k       (2) 
The critical nature of the 2D collapse in the system with 0   
(without SOC) is underlain by the fact that both the kinetic and nonlin-
ear- interaction energies scale as 2x,yk , while the total norm takes a sin-
gle value crU U  for all solitons. The breaking of the scaling (con-
formal) invariance by SOC (with 0  ) and lifting the norm’s degen-
eracy may create a stability range for 2D solitons at crU U  [20,21]. 
 
 
Fig. 1. (a) Lower branch x( )k  of 2D linear spectrum (2) for y 0k  , 
1   and different values of the ZS strength,  . (b) Norm U , size 
w , and amplitudes 1,2a  of the components of 2D solitons vs.   at 
0.6 , 1  . (c) The norm vs.   for different values of   at 
1  . Circles in (b,c) correspond to solitons depicted in Fig. 2. In (c), 
as well as in Fig. 4(a) below, stable and unstable branches are black and 
red, respectively. (d) The ( )U   dependence for 2D solitons in a vicini-
ty of the transition point, 22 , as produced by the numerical 
solution of Eq. (1) ( )U , effective asymptotic equation  (3) eff( )U , and by 
the respective variational approximation va( )U . In (b)-(d), 
s c 1g g  . 
 
Under the action of the self-attraction, solitons that have the form 
of  ( , )i te x yW , with complex spinor  T1 2( ( , ), ( , ))w x y w x yW , 
bifurcate upon variation of chemical potential   from the minimum 
of the lower branch of the linear dispersion relation given by Eq. (2), 
x y( , )k k , which is attained at y 0k  . Dependence x( ,0)k  [Fig. 
1(a)] reveals that, for 22 ,  the minimum, min /2  , is at-
tained at minx 0k  . On the other hand, at 22  there are two 
equal minima, min 2 2 2/2 /8     , at 
min 2 2 2 1/2
x ( / 4 )k    , hence solitons bifurcate from these 
points, featuring a striped structure, determined by the respective scale 
in the x direction, minx2 / k . Thus, the transition between cases 
22  leads to a drastic change in the solitons’ shapes. 
We first produce soliton families for the Manakov-like system, 
with s c 1g g  . Under the action of SOC, two spinor components of 
such solitons feature different symmetries and amplitudes, 
1,2 1,2max ( , )a w x y . At 0 , only the family with a dominating 
second component, 2 1a a , may be stable, therefore we address this 
case (spin-flipped states, with 1 2a a , exist too, but numerical results 
readily confirm their instability, as they realize a maximum of the ZS 
energy, instead of the minimum). The norm, effective size 
1 2 2 1/22[ ( ) ]w U x y   , and component amplitudes 1,2a  of 
2D striped solitons, found at 22 , are shown in Fig. 1(b) as func-
tions of  . Amplitudes 1,2a  vanish, and width w  diverges, at 
min  . The striped solitons with relatively small amplitudes fea-
ture strong modulation along the x -axis [Figs. 2(a1,2)]. For large  , 
the modulation nearly vanishes when the soliton size becomes smaller 
than the modulation period [Figs. 2(b1,2)]. These 2D solitons, featuring 
the dipole structure in the first component, are drastically different 
from the self-trapped 2D states (“semi-vortices” and “mixed modes” 
[20,21]) supported by the full 2D SOC. In addition to the different 
symmetry, the latter states never show striped patterns. In a sense, the 
2D solitons displayed in Fig. 2 are hybrids, which combine the 2D sta-
bility with structural features resembling those found in 1D solitons, cf. 
Refs. [23,24]. 
 
 
Fig. 2. Profiles 1,2  of 2D solitons for (a) 0.56  and (b) 
2.40  at 0.6 , (c) 1.02  at 2.0 , and (d) 1.6  
at 3.0 . The evolution of a stable soliton with 0.66  and 
decay of an unstable one with 0.56  is displayed in (e) and (f), 
respectively. In all cases, 1  , s c 1g g  . Different panels are 
plotted on appropriate scales, with the horizontal bar corresponding to 
4x  . 
 
Dependence ( )U   displayed in Fig. 1(b) is non-monotonous. Al-
so, in contrast to the solitons supported by the full SOC [21,22,25], but 
similar to 1D states maintained by SOC with the Zeeman lattice [24], 
the present 2D solitons exist above a threshold value of the norm, 
th min ( )U U  , which vanishes solely at 22 , being a non-
monotonous function of   and  . This is illustrated by Fig. 1(c), 
which compares ( )U   dependencies for the solitons with the single-
peak 2( 2 )  and striped 2( 2 )  structures. The transition 
between these species occurs via shapes strongly elongated along y  
[Fig. 2(c)], clearly indicating hybrid nature of such states. An example 
of a single-peaked soliton is presented in Fig. 2(d). In all cases, irrespec-
tive of the ratio of   and 2 , at   the norm approaches that 
of the Townes soliton [38], Townes 5.85U  , which is the single possible 
value for (unstable) 2D solitons in the absence of SOC [3,4]. 
To explain the vanishing of thU  at the point of transition between 
the 2D solitons with single-peak and striped structures, 22 , we 
note that, at this point, the expansion of dispersion relation (2) near the 
origin ( )xk   yields 2 2 4 2y x/2 / 8k k      . For small 
deviation of the chemical potential from the minimum, min 2   , 
i.e. for min min        , we explore the bifurcation of soli-
tons from the lower branch of the linear spectrum, i.e., from the state 
T(0,1) . Accordingly, we look for a stationary solution in the form of 
T T 2 3/2
1 2( , ) (0,1) ( , ) [( / ) ]
i tx y e         , where ( , )x y  is 
the slowly varying amplitude. Applying the multiple-scale expansion 
(see Appendix A for the details of derivation), we find that the ampli-
tude solves a stationary equation, 
 2(1/2) (1/ 4) ,yy xxxx         (3) 
which is written in variables 1/4 1/2( , ) (2 , )x y x y  (cf. Ref. [39]). This 
equation gives rise to an exact scaling relation, 1/4( ) ( )U    , 
which satisfies the necessary stability condition given by the VK crite-
rion, / 0U     [3,4,40]. Soliton solutions of Eq. (3) can be predicted 
by means of VA [41] based on the Gaussian ansatz with norm U : 
 1/2 1/4 2 2( / ) ( ) exp( /2 /2).U ab ax by     (4) 
The VA yields strongly anisotropic relations for parameters of the 
ansatz: 2 2/ 6a U  , 23 /2b a a  , and 1/42 ( 12 / 5)U     . 
The comparison of the ( )U   dependence produced by Eq. (1) with 
that obtained from Eq. (3) and its VA counterpart is shown in Fig. 1(d), 
revealing good agreement at min  . 
Dependencies of the threshold norm thU  on   and  , as ob-
tained from the numerical solution of Eq. (1), are presented in Fig. 3 
(see the curves with solid dots corresponding to s c 1g g  ). Note 
that th TownesU U  in both limits of 0  (when SOC can be 
gauged away from Eq. (1) with the Manakov nonlinearity [35,36]) and 
  [making the 1  component vanishingly small and reducing 
Eq. (1) to the single GPE for 2 ]. 
The stability of the solitons was tested by simulations of Eq. (1) 
with inputs including random perturbations with relative ampli-
tude 1% , up to 410t  . In all cases, the stability exactly follows the 
VK criterion, the branches with / 0U     and / 0U     [the 
black and red ones in Figs. 1(b,c)] being stable and unstable, respective-
ly. Thus, 1D SOC stabilizes almost the entire soliton family, except for 
small segments with / 0U     at min  . It is very plausible 
that the stable soliton realizes, for given norm, the ground state of the 
2D system, although rigorous proof of this conjecture requires addi-
tional analysis. Stable propagation of a perturbed 2D soliton is dis-
played in Fig. 2(e). Unstable broad solitons transform into much nar-
rower stable ones with the same norm, as shown in Fig. 2(f). 
Our results remain valid for non-Manakov nonlinearity, with 
s cg g , illustrating robustness of the setting. For instance, th( )U   
and th( )U   dependencies for s 1.2g   and c 0.8g  , displayed in 
Fig. 3 by curves with open dots (as well as in their counterparts with 
s cg g ), are close to their counterparts obtained for s c 1g g  , and 
they also show vanishing of threshold at 22 . 
 
 
Fig. 3. The threshold norm, above which 2D solitons with the single-
peak 2( 2 )  and striped 2( 2 )  structure exist, vs.  , at 
1   (a), and vs.  , at 6  (b). Curves with solid and open dots 
correspond, severally, to s c 1g g   and s 1.2g  , c 0.8g  . 
 
III. 3D system with 2D Rashba spin-orbit coupling 
 
The 3D version of Eq. (1), where 
2 2 2 2 2 2
3 ,x y z         is taken with the 2D Rashba SOC, 
i.e., y x     and [ ] [ ],  x y h y h x
  , corresponding to Hamil-
tonian  soc ˆ ˆ-x y y xH k k   , where ,xˆ yk  are the components of the 
momentum operator. The respective linear dispersion relation for in-
plane radial component of the wave vector, 2 2 1/2r x y( )k k k  , and the 
orthogonal component, zk , is 
 2 2 2 2 2 1/2r z r( )/2 ( / 4) .k k k       (5) 
The expected single-peak and striped 3D solitons again bifurcate from 
minima of the   branch in Eq. (5). Solitons have the form of 
 T1 2( ( , ), ( , ) ) expiw r z w r z e i t im     , where 1,2( , )w r z  are 
stationary spinor components, integer m  is a topological charge, and 
( , )r   are the polar coordinates in the ( , )x y  plane. The difference 
between vorticities of the two components of  , m  and 1m , is 
imposed by the 2D SOC. Here we address the modes with 1m  , 
i.e., zero vorticity in the dominant second component, which minimiz-
es the total energy, thus having the best chance to be stable. 
The families of 3D solitons at s,c 1g   are displayed in Fig. 4(a). 
Their amplitude vanishes, and size 1 2 2 1/22[ ( ) ]w U r z    
diverges , at min  , like in the 2D case. However, their norm van-
ishes at  , i.e., 3D solitons have no existence threshold. At 
22  the striped structure manifests itself in concentric ampli-
tude-phase modulation in the ( , )x y  plane [Fig. 5(a)], while the soliton 
is elongated along the z -axis. The interplay of the vorticity in the 1  
component and striped radial modulation builds a complex phase 
distribution, which makes the stable 3D solitons radically different 
from those supported by the full 3D SOC, cf. Ref. [26]. Similar to what 
is said above about the 2D solitons, the present modes may be consid-
ered as hybrids combining 3D and 1D features. With the increase of 
 , they become more localized and the radial modulation gradually 
disappears [Fig. 5(b)]. 
As seen in Fig. 4(a), the 3D system with 2D SOC produces striped 
solitons with a non-monotonous dependence ( )U  , which includes a 
VK-stable segment with / 0U    . At fixed SOC strength  , in-
crease of ZS strength   leads to growing inflection of the initially 
monotonous curve ( )U  . The domain with / 0U     appears at 
sufficiently large  , albeit still for 22 . The VK-stable interval, 
min maxU U U  , expands with the increase of  , as shown in Fig. 
4(b), until the critical point 22  is attained [see the dashed vertical 
line in Fig. 4(b)], at which the striped structure is replaced by the sin-
gle-peak one, and ( )U   dependence abruptly changes, again becom-
ing monotonous [Fig. 4(a)]. Thus, in contrast to the 2D case, the norm 
of the 3D solitons does not vanish at 22 , where striped shape is 
replaced by a single-peak one, while, as in the 2D case, the stability 
exactly follows the VK criterion, / 0U    , even if only the striped 
solitons are stable in 3D. Similar results are obtained for s cg g . 
 
 
Fig. 4. (a) Norm U  of 3D solitons vs.   for 2,...,20 , increasing 
with step 2 , as shown by the arrow. (b) The stability interval 
min maxU U U   vs.  . The dashed vertical line corresponds to 
22 . In all cases 3  , s c 1g g  . 
 
Unstable 3D solitons are destroyed by the fast collapse, as shown 
in the top row of Fig. 6. These high-amplitude solitons belong to seg-
ments of the ( )U   curves with / 0U    , to the left of the stability 
domain. The evolution of a stable 3D soliton, belonging to the 
/ 0U     branch, is displayed in the bottom row of Fig. 6. In that 
case, initial perturbations excite only weak oscillations of the soliton’s 
amplitude. Strong compression of 3D solitons, which are stable against 
small perturbations, may initiate their supercritical collapse, therefore, 
they are metastable states, separated by an - and - dependent 
barrier from the collapse [42]. 
 
 
Fig. 5. Isosurfaces 1 0.001  , showing the shape of 3D solitons, and 
the respective amplitude and phase profiles in the 0z   plane (the 
left, central, and right columns, respectively) for (a) 6.85  and (b) 
7.40 , at 3  , 13 . 
 
In a recent experiment [43] with one-dimensional SOC, the ratio 
2/  has been modified from 0  to 2.6 , which,  according to the 
above results, allows the existence of stable 2D single-peak and stripe 
soliton states  with the - dependent modulation length 3 m . 
The strength of the nonlinear interaction in 2D, written in physical 
units, is 24 /s zg a Ma  , where M  is the atomic mass, sa  the scat-
tering length (the self-attraction corresponds to 0sa  ), and za  the z -
axis confinement length. For typical values of sa  and za  this yields 
the Townes  norm corresponding to 310  atoms. Note that for two-
dimensional SOC [33], the ratio 2/  is limited by 0.2, and for main-
taining a necessary suppression effect of SOC on the 3D collapse one 
has to limit the number of atoms to 2 3/ 4 10 .sM a    
 
IV. Conclusions 
 
In summary, we have shown that even a lower-dimensional spin-
orbit-coupling than that of the embedding space can stabilize soliton 
states in spinor BECs with intrinsic attraction, when it is combined 
with Zeeman splitting. On physical grounds, the stabilization arises 
from the nonparabolic dispersion of the system and, importantly, 
holds in a broad parameter region, which complies with the Vakhitov-
Kolokolov criterion. We also found that the multidimensional states 
feature hybridization of 1D and 2D/3D structural properties. The re-
sults are important for the creation of stable 2D and 3D solitons in 
BECs, as spin-orbit coupling is currently experimentally available sole-
ly in low-dimensional forms. 
 
 
Fig. 6. Top: The collapse of an unstable 3D soliton with 8.2  is 
shown by the time dependence of amplitudes of its components, and 
by isosurfaces of the vorticity-carrying one, 1 0.3  , at two mo-
ments of time corresponding to the red dots in the 1,2( )a t  plot. Bot-
tom: stable evolution of a perturbed 3D soliton with 7.4 , illus-
trated by the respective 1,2( )a t  dependencies and isosurfaces 
1 0.01  . In both cases 3  , 13 . 
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Appendix A: On the small-amplitude limit for the 2D BEC with 
1D spin-orbit coupling 
 
Consider a 2D GPE (1) with 0,y   x  , and [ ]x h x
 , as  
defined in Sec. II. Assuming Manakov’s symmetry, we rewrite it for 
2 2i te     in the form 
 2 †1 ( )
2 2 z
i P
t
    


    
       (A1) 
where ( )x x yP i     . In order to reduce the number of pa-
rameters here we also rescale the coordinates 1/2( )X Y  R r  and 
introduce 1/2  .  Looking for a stationary solution of (A1) in the 
form   i te  , where   depends on the coordinates only,  we 
obtain 
 †( )H         (A2) 
where    and 
       21 1ˆ( ) .
2 2
x zH i R x  (A3) 
First, we consider the linear limit of (A2), that is: 
 0 0 0H     (A4) 
Its orthonormal eigenfunctions 0 ( )K R  and corresponding eigenval-
ues  0 K are given by (further 2 2 2x yK K K  ): 
 
          



1/2
0
2
[2 ( 1)]
1
xi KC C e
C
K R
K  (A5) 
where 2 2 1/2(1 4 )xC K   , and     0 K K  where 
        2 2 2 2 1/2
1 1
( ) (1 4 )
2 2
xK K  (A6) 
[the last expression (A6) being the dispersion relation (2) in the dimen-
sionless units].  For the lower dispersion curve the transition from the 
normal to the stripe phase occurs at 1/20 2     .  At this value of 
 , 0xK   is the undulation point of   with 
     
  
     
  
2 3
2 3
0
x x xK K KK 0 K 0 K 0
 (A7) 
Since spatially localized nonlinear modes (solitons) bifurcate from the 
lower branch of the spectrum,  , and we are interested in the special 
case of 0   , we conclude that the bifurcation point corresponds to 
the eigenstate at K 0  denoted as 
 T0 (0,1) .   (A8) 
It will be convenient to introduce also a notation for the respective 
lowest state of the upper band  : 
 T0 (1,0)    (A9) 
Bifurcation of nonlinear modes can be described using multiple-scale 
expansion. To this end we introduce the slow variables 2jjx X  , 
j
jy Y   (here 0 1j …   ), with 0 . The corresponding repre-
sentation for the linear Hamiltonian at arbitrary   value reads: 
 1 2 3 20 1 2 3H H H H H          (A10) 
where 
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Next we use the expansions for the spinor wavefunction 
 3 2 21 1 0 1 2( )A x y              (A11) 
and for the chemical potential 
 1 20 1 2            (A12) 
where we use the notation    0 ( )K 0 . Thus, at the bifurcation 
point 0  we have 
          
2 2
0 0
0 0
1 1 1 3
.
2 4 2 4
 (A13) 
We also mention that hereafter, in the arguments of the slowly varying 
functions, we indicate only the fastest variables, e.g. 4 2( )A x y  means 
4 5 2 3( )A x x … y y …     . At the first order in   Eq. (A2) is satisfied due 
to Eq. (A4). At the order 3 2  we have: 
 01 0 0 1 0 0 1
1 0 1
x
A A
A i H
x x x
  

        
  

     (A14) 
At the bifurcation point 0  we have 0 0 0x    and 
0 0 0y
   . Then, taking into account that 
 0 0 0 0x x            (A15) 
we search for the solutions of Eq. (A14) in the form 
 1 0
1
A
c
x
 

   (A16) 
where c  is a constant, resulting for 0 0 1     and 1/20 2   in 
the relation 
    
1 0 11/2 1
0
2
i A
x
   (A17) 
Thus, 1  also depends only on the slow variables. Respectively, be-
low it is taken into account that 
 1 1
0 0
0 0
x y
    
 
   (A18) 
At the order 2  we obtain 
2
1
2 0 0 2 0 2 0 0 02
1 2 1
1
2 x
A A
A H i
x x x
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
     (A19) 
Taking into account that 20 0 0( ) 2       and using Eqs. (A18) 
and (A20), this last equation can be rewritten in the form 
       
2 0 0 2 0 2 01/2 22
i A
A H
x
     (A20) 
that does not contain second derivative 2 21A x    Thus we obtain 
    
2 0 21/2 2
0
2
i A
x
   (A21) 
At the next order, 5 2 , we obtain: 
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 (A22) 
At the point of bifurcation, we have the relation [see Eqs. (A17) and 
(A21)]: 
               
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allowing one to compute 
 
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Finally, at the order 3  one obtains: 
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 (A25) 
where we have used that †0 0( ) 1    . Similarly to Eq. (A23) we can 
show that 
               
2
3 1
0 1/2
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0
2
x
A i
x x x x
   (A26) 
At this order we only need to satisfy the Fredholm alternative, which 
in our case is simply the orthogonality of the right hand side of Eq. 
(A25) to 0 . This yields 
 
2 4
2
4 2 4
1 1
1 1
2 4
A A
A A A
y x
     
 
 (A27) 
where we considered a solution independent of the faster variables 
(i.e., 2x  and 3x ). After restoring the original variables Eq. (A27) is 
reduced to Eq. (3). 
It is interesting to note that from Eqs. (A11) and (A27) it follows 
that close to the linear limit, the stable soliton is strongly anisotropic 
with two orthogonal dimensions (width along the y - and x -axes) 
scale as 1/2 . This anisotropy of the soliton shape is a direct conse-
quence of the highly anisotropic dispersion of   in Eq. (A6)  [respec-
tively Eq. (2)] at the bifurcation point of the spectrum, containing 
4
xK  and 2yK  terms. The condition of applicability of this highly 
anisotropic dispersion approximation, 1xK  , requires substantial 
extension along the x -axis for solution of Eq. (A27) with typical values 
of 1 1x  . For realistic experimental parameters [43] this condition 
corresponds to the condensates containing a few hundreds of atoms. 
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